The model of Causal Dynamical Triangulations is a nonperturbative and background independent approach to quantum theory of gravity. In this paper, we give introduction to the four dimensional framework of Causal Dynamical Triangulations and present recent results. We describe the phase structure of the model and show how a macroscopic four dimensional de Sitter universe emerges dynamically from the full gravitational path integral. We advocate that the effective action describing scale factor fluctuations reconstructed from Monte Carlo data agrees with the minisuperspace model.
Introduction
The model of Causal Dynamical Triangulations (CDT) is based on the formalism of path integrals and lattice regularization. Its objective is to quantize a theory of gravitation. The model was presented some years ago by Ambjørn, Jurkiewicz and Loll in [1] [2] [3] . In the path integral formulation of quantum gravity, the trajectories are represented by four-dimensional geometries of spacetime. CDT defines the way the path integral should be calculated and specifies the class of spacetime histories which should contribute to the path integral. A discretization is introduced, but only as a regularization intended to be eliminated in the continuum limit. Discreteness is not claimed to be a property of the universe.
According to General Relativity, the classical theory of gravitation, the gravity is encoded in spacetime geometry. The considered degree of freedom is the metric field g µν (x) and nonzero curvature is interpreted as a gravitational field. The construction of the quantum theory starts from the classical Einstein-Hilbert action
where G and Λ are respectively the Newton's gravitational constant and the cosmological constant, M is the spacetime manifold equipped with a pseudoRiemannian metric g µν with Minkowskian signature {−, +, +, +} and R denotes the associated Ricci scalar curvature [4, 5] . We used the natural Planck units c = = 1 and assumed the topology of M to be S 1 × S 3 . In order to quantize the theory of gravitation, we apply the Feynman's path integral formalism. The path integral or partition function of quantum gravity is defined as a formal integral over all spacetime geometries
A spacetime geometry [g], also called history, is defined as an equivalence class of spacetime metrics g with respect to the diffeomorphism group on M.
The Causal Dynamical Triangulations model regularizes the formal partition function (2) via discretization. The path integral is replaced by a sum over a discrete set T of all causal triangulations T , thus it gains a meaningful definition. The building blocks of four dimensional CDT are four-simplices. A four-simplex is a generalization of a triangle to four dimensions, it is composed of five vertices connected to each other. It is a subset of a fourdimensional Minkowski spacetime and the induced metric inside a simplex is flat. Figure 1 presents a sketch of four-simplices together with a lightcone. A four-dimensional simplicial manifold is built from four-simplices glued pairwise along tetrahedral faces so that topological conditions are preserved. The curvature is localized on triangles and, in general, such complex cannot be embedded in R 4 .
Causality
Opposite to Euclidean Dynamical Triangulations (EDT) [8] , Causal Dynamical Triangulations assume global proper-time foliation. In the Euclidean version, configurations are dominated by creation of baby universes and causal singularities. In order to prevent such behavior, CDT implements the causality condition. Also, the original Lorentzian signature of spacetime suggests that only causal geometries should contribute to the gravitational path integral [6, 7] . The leaves of the time foliation, called slices, are spatial three-dimensional Cauchy surfaces Σ with fixed topology. Figure 2 illustrates a triangulation with imposed foliation which violates the causality condition. We chose the topology of slices to be a three sphere Σ = S 3 and establish periodic boundary conditions in the time direction. Therefore, the spacetime topology is M = S 1 × S 3 . Fig. 2 . A visualization of a two-dimensional triangulation with a light-cone structure and a branching point marked. In Causal Dynamical Triangulations spatial slices are not allowed to split, which prevents singularities of the time arrow.
On piecewise linear manifolds, the spatial slices T (3) (i) are enumerated by a discrete time coordinate i. Each slice is a triangulation of S 3 made up of equilateral tetrahedra with a side length a s > 0. The induced metric of spatial tetrahedra has a Euclidean signature. Each vertex of the triangulation is assigned a discrete time coordinate i which corresponds to a slice it lies in. A layer between two successive slices T (3) (i) and T (3) (i + 1) is filled with four-simplices so that it forms of a four-dimensional slab with a topology of [0, 1] × S 3 . A series of slabs glued one after another builds the whole simplicial complex and preserves the causal structure. The triangulation of the later slice wholly lies in the future of the earlier one.
Due to the foliation, there are two kinds of simplices. Simplices of the first type are called {4, 1} and have four vertices in one spatial slice, while the fifth vertex lies in the previous or next slice. Simplices of the second type, called {3, 2}, have three vertices in one spatial slice and two in the previous or next slice. Figure 1 illustrates four-simplices of type {4, 1} and {3, 2} connecting slices T (3) (t) and T (3) (t + 1). There are also two kinds of links. The space-like links connect two vertices in the same slice and have length a s > 0. The time-like links connect two vertices in adjacent slices and have length a t . In Causal Dynamical Triangulations, the lengths a s and a t are constant but not necessarily equal. Let us introduce the asymmetry factor α such that a 2 t = α × a 2 s . In the Lorentzian case, α is negative. The volumes and angles of simplices are fully determined by a s and a t . They differ for the two types of simplices. Since no coordinates are introduced, the CDT model is manifestly diffeomorphism-invariant. Such a formulation involves only geometric invariants like lengths and angles.
Lattice regularization and the Regge action
The Einstein-Hilbert action (1) has a natural realization on piecewise linear geometries. Let us denote the number of simplices of type {4, 1} by N 41 , and the number of simplices of type {3, 2} by N 32 . The total number of simplices is then given by N 4 = N 41 + N 32 . The total physical four-volume T d 4 x | det g| can be expressed by a linear combination of N 41 and N 32 . Similarly, the global curvature T d 4 x | det g|R can be expressed using the angle deficits which are localized at triangles, and is a linear function of N 32 , N 41 and the number of vertices N 0 . The Einstein-Hilbert action (1) calculated for a causal triangulation T is called the Regge action and can be written in a very simple form
where K 0 , K 4 and ∆ are bare coupling constants. They are nonlinear functions of G and Λ appearing in the continuous (1) action, and the asymmetry factor α [3] . As the bare coupling constant K 4 is conjugate to N 4 , it controls the total volume and can be considered as a cosmological constant. K 0 is related to the inverse of the gravitational coupling constant G and ∆ is related to the asymmetry factor α. ∆ will play an important role as it will allow observing new geometric phases.
Causal Dynamical Triangulations provide a lattice regularization of histories appearing in the formal gravitational path integral (2) . The discretization procedure replaces the integral with a sum over the set of all causal triangulations T weighted by the Regge action (3), providing a meaningful definition of the partition function
The Wick rotation
In contrast to the two dimensional case, lack of analytical tools in four dimensions forces us to use numerical methods to gain the nonperturbative information about fluctuating geometries. The number of configurations is finite for finite size triangulations. Nevertheless, this number grows exponentially with the number of simplices N 4 and the oscillatory nature of the integrand (4) precludes usage of numerical techniques. We may bypass this problem by applying a trick called Wick rotation. Roughly, it is based on the analytic continuation of the time coordinate to imaginary values. Hence, the spacetime signature changes from Lorentzian to Euclidean and complex amplitudes are substituted by real probabilities e iS Lor → e −S Euc . Because of the global proper-time foliation, we have a distinction between time-like and space-like links, and the Wick rotation is well defined. It can be simply implemented by analytic continuation of the lengths of all time-like edges,
The Regge action rotated to the Euclidean sector, after the redefinition S Euc = −iS Lor , has exactly the same simple form as its original Lorentzian version (3). An exact derivation of the Wick rotated Regge action can be found in [3] . As a consequence of the lattice regularization procedure and the Wick rotation, the partition function (2) is finally written as a real sum over the set of all causal triangulations T
Both the Euclidean Regge action S[T ] as well as the partition function Z depend on bare coupling constants K 0 , K 4 and ∆.
The numerical setup
The formal gravitational path integral (2), after Wick rotation, defines the quantum expectation value
where O[g] denotes some observable defined on a geometry [g]. Cognately, the probability distribution P [T ] associated with the partition function (5), defines its discrete counterpart
Here, O[T ] denotes an observable measured on triangulation T . The CDT framework, strictly based on lattice regularization, enables application of effective Monte Carlo techniques. The partition function (5) defines a statistical mechanical problem which is free of oscillations. It is the starting point for computer simulations which further allow us to measure expectation values defined by (7) in an approximate manner and gain physically relevant information. Numerical simulations consist in generating a sequence of spacetime geometries, being causal triangulations T , according to the probability distribution (7) . Given a sufficiently large set of K statistically independent Monte Carlo configurations {T (k) , k = 1 . . . K}, we approximate the average (7)
The probability distribution P [T ] is not evident in the above equation, because by construction the output configurations of the Monte Carlo algorithm are weighted by the Regge action.
The macroscopic universe
An example of the simplest observable providing information about the universe geometry is the spatial three-volume n i . It is defined as a number of tetrahedra building a spatial slice T (3) (i), where i = 1 . . . T . It sums up to the total volume N = N 41 = T i=1 n i (up to a constant factor 1 2 ). An individual spacetime history contributing to the partition function is not an observable, precisely in the same way as a trajectory of a particle in the quantum-mechanical path integral is not an observable. However, it is perfectly legitimate to talk about the expectation value n i as well as about the fluctuations around the mean.
Hereinafter, let us restrict our considerations to the spatial volume n i . Hence, we reduce the problem to one-dimensional quantum mechanics. We should keep in mind that many three-dimensional triangulations of spatial slices might have the same spatial volume n.
The phase diagram
The Regge action (3) has three bare coupling constants, namely the inverse of the gravitational constant K 0 , the cosmological constant K 4 and the asymmetry constant ∆. For technical reasons, it is convenient to keep the total four-volume N 4 fluctuating around some prescribed value during Monte Carlo simulations. The cosmological constant K 4 acts as Lagrange multiplier and needs to be tuned to its critical value in order to suppress the contribution to the partition function coming from extremely large configurations. Because the number of configurations grows exponentially with the size, a value of K 4 below the critical value would make the partition function ill-defined. Effectively, K 4 does not appear as a coupling constant.
We observe three qualitatively different behaviors of a typical configuration depending on the values of the two remaining bare coupling constants K 0 and ∆. In [2] it was shown that the model consists of three phases, which were labeled A, B and C. A detailed phase diagram obtained due to largescale computer simulations was described in [9] . The phase diagram, based on Monte Carlo measurements, is presented in Fig. 3 . The solid lines denote observed phase transition points for configurations of size 80 000 simplices, while the dashed lines represent an interpolation. -Phase A. For large values of K 0 (cf. Fig. 3 ), the universe disintegrates into uncorrelated irregular sequences of maxima and minima with time extent of few steps. When looking along the time direction, we observe a number of universes oscillating in the time direction which are connected by necks of negligible sizes.
-Phase B. For small values of ∆, nearly all simplices collapse into one spatial slice. Although this slice has a topology of a three-sphere S 3 , the measured Hausdorff dimension is very high, if not infinite.
-Phase C. For larger values of ∆, a typical configuration is bell-shaped and behaves like a well defined four-dimensional manifold. The measurements of the Hausdorff dimensions confirm that at large scales the universe is genuinely four-dimensional [2] .
Only in the latter phase, the configurations have a finite time and spatial extents, which scale as expected for a four-dimensional object. Hence, only phase C is regarded physical. The averaged profile n i corresponds to Euclidean de Sitter space S 4 and thus this phase is also called the de Sitter phase. 
The de Sitter universe
In phase C, the time translational symmetry is spontaneously broken and the distribution n i is bell-shaped. Let us focus on point K 0 = 2.2, ∆ = 0.6 of the phase diagram which is firmly placed in phase C. A snapshot of a volume profile n i of a typical configuration with the total volume N = 160 000 simplices and time-period T = 80 is shown in Fig. 5 . For this value of N , the universe does not extend over the entire time-axis, but is localized in a much shorter range. The Regge action, as derived from the EinsteinHilber action, is time translationally invariant. For time-periodic boundary conditions, a direct average n i would give a constant function of time i, not capturing the shape of individual configurations. Therefore, to obtain a meaningful expectation value of n i , we fix the position of the center of mass before performing the average over triangulations (8) [10] . Figure 5 shows the measured n i (black thick line). The boxes visible on the plot indicate the amplitude of quantum fluctuations of n i , their height is equal to standard deviation σ i = n 2 i − n i 2 . The average volume n i is with high accuracy given by formula
Here, W is the time extent of the universe and H is the maximal spatial volume. The function (9) with fitted H and W is plotted in Fig. 5 with a dashed line, but it is indistinguishable from the measured curve. The formula (9) describes the background geometry. It was not put by hand but emerged dynamically. Moreover, it corresponds to the maximally symmetric solution of classical Einstein equations with a positive cosmological constant [11, 12] , i.e. Euclidean de Sitter space -geometry of a four-sphere S 4 . Although by construction the topology of the spacetime is enforced to be M = S 1 × S 3 , in the large N limit the stalk can be neglected and the topology transmutes into S 4 . 
The minisuperspace model
The solution (9) n i = H cos 3 (i/W ) comes as a classical solution of the minisuperspace model. This quantum cosmological model was developed by Hartle and Hawking in their semiclassical evaluation of the wave function of the universe [21] . The key assumption is spatial homogeneity and isotropy, i.e. all degrees of freedom except the three-volume (scale factor) are frozen and the Euclidean spacetime metric is given by
Here a(τ ) is the scale factor depending on the proper time τ and dΩ 2 3 denotes the line element on S 3 . The universe topology is S 1 × S 3 .
In the CDT model no degrees of freedom are excluded, but we integrate out all of them except the scale factor. Nevertheless, in both cases results demonstrate high similarity. The physical volume of a spatial slice for a given time τ is equal v(τ ) = dΩ 3 det g| S 3 = 2π 2 a(τ ) 3 .
The minisuperspace action is the Einstein-Hilbert action (1) calculated for the Euclidean metric (10) [5] , up to boundary terms it is given by
The Wick rotated Einstein-Hilbert action (1) suffers from the unboundedness of the conformal mode. As seen in the minisuperspace action (11), this is caused by the wrong sign of the kinetic term. As a consequence, the Regge action (3) is also unbounded from below but due to the UV lattice regularization it is always finite for an individual triangulation. The problem of infinities is revived when taking the continuum limit. Fortunately, in the nonperturbative approaches, like CDT, the partition function emerges as a subtle interplay of the entropic nature of triangulations and the bare action. It occurs that the entropy factor suppresses the unbounded contributions coming from the conformal factor, and the effective action for n i is equal to the minisuperspace action (11), but with an opposite sign of the conformal mode, and is thus bounded from below [14] . Together with a convergence of the coupling constants to their critical values, if such a point exists, the entropic and action terms should be balanced, and one hopes to obtain the proper continuum behavior.
In terms of the spatial volume, the minisuperspace action (11) can be rewritten as
The classical trajectory, solving the Euler-Lagrange equation, is given by
The physical volume v(τ ) describes the maximally symmetric space for a positive cosmological constant, namely the Euclidean de Sitter universe (a geometry of a four-sphere S 4 with radius R). The very same solution emerged dynamically as a background geometry in the CDT model.
The Hausdorff dimension
The dependence of the volume profile n i on the total volume N shows that the universe emerging in the CDT model is genuinely four dimensional. Keeping the coupling constants K 0 and ∆ fixed, which naïvely means that the geometry of simplices is not changed, we measure the expectation value n i for different total volumes N .
Assuming the scaling dimension is d H , the time extension expressed in lattice spacing should scale as N 1/d H and the spatial volume should scale as
The physical volume, which should be independent of the number of simplices N , is then given by
For very large N , the scaled time variable can be treated as continuous and the normalization condition reads n(t)dt = 1 N i n i = 1. We fit the scaling dimension d H so that the overlap of n(t) for different N s is the best [2] . The best fit gives d H = 3.98 ± 0.10. The expected value d H = 4 is very close to the measured result, and is well within the margin of error. Figure 6 plots the scaled three-volumes n(t) for K 0 = 2.2, ∆ = 0.6 and various total volumes N . It shows that n(t) does not depend on N . From equation (9) and scaling (14) for d H = 4, we get formulas
where ω depends only on the coupling constants K 0 and ∆, but not on N .
For the mentioned values of the coupling constants, the measured value is ω ≈ 0.69. The time extent of the universe, measured in lattice units, scales as T univ ∼ ω N 1/4 . Such a scaling means that the lattice spacings behave as a t , a s ∝ N −1/4 which is expected for a four-dimensional spacetime. By rescaling the continuous time t to the proper time τ , the scaled volume n(t) can be mapped into the physical volume v(τ ) given by (13) which corresponds to a four-sphere with radius R [10] . 
The spectral dimension
The spectral dimension d S is another quantity revealing information about the geometry and is related to the diffusion phenomena. Let us consider such process on a d-dimensional manifold with a fixed and smooth Riemannian metric g µν (x). The probability density of finding a particle at position x after some fictitious diffusion time σ is denoted by ρ(x, x 0 ; σ). The initial position at σ = 0 is fixed at x 0 , ρ(x, x 0 ; σ = 0) = det −1/2 g(x)δ(x − x 0 ). The process is described by the diffusion equation
where g is the Laplace operator corresponding to g µν (x). The return probability of finding a particle at the initial point after diffusion time σ can be used to calculate the spectral dimension d S defined by
The average return probability P (σ) in (17), supplying a global information about geometries, is given by
where
is the total spacetime volume and the average is also performed over the ensemble of geometries. For Euclidean flat manifold R d , the spectral dimension d S calculated from (17) and (18) is equal to the topological dimension d and Hausdorff dimensions d H .
Since it is easy to perform numerical simulations of a diffusion process in the CDT framework, the measurement of the return probability and the spectral dimension is particularly convenient. While the spacetime geometry is regularized by piecewise flat manifolds built from foursimplices, the diffusion equation (16) is given by its discrete counterpart ρ(i, i 0 ; σ + 1) = 1 5 j↔i ρ(j, i 0 ; σ). Here, the sum is evaluated over all simplices j adjacent to i. To evaluate ρ(i, i 0 ; σ), we pick an initial four-simplex i 0 lying in the central slice, impose the initial condition ρ(i, i 0 ; σ = 0) = δ i i 0 and iterate the diffusion equation. We repeat the above operations for a number of random starting points i 0 (∼ 100) and a number of configurations (∼ 1000). Further, we calculate the average return probability P (σ), and the spectral dimension d S from (17) . Figure 7 shows the measured spectral dimension d S as a function of the diffusion time steps σ. For small values of σ < 30, because of strong lattice artifacts, the spectral dimension cleaves for even and odd time steps. As a result of the finite volumes of configurations, for very large σ 500, the spectral dimension d S eventually falls down to zero. In the presented range 40 < σ < 500, the spectral dimension can be expressed by the formula
where variables a, b and c were obtained from the best fit. Because the spectral dimension changes in diffusion time, it is scale dependent. Small σ, means that the diffusion process probes only the nearest vicinity of the initial point. Extrapolation of results gives the short-distance limit of the spectral dimension d S (σ → 0) = 1.95 ± 0.10 .
In the long-distance limit, the spectral dimension tends to
The short-range value of the spectral dimension d S = 2, much smaller than the scaling dimension d H , suggests a fractal nature of geometries appearing in the path integral at short distances. At long distances d S = 4, and configurations resemble a smooth manifold. Amazingly, such nontrivial scale dependence of the spectral dimension of the quantum spacetime, the same infrared (d S = 4) and ultra-violet (d S = 2) behavior, is also present in Hořava-Lifshitz gravity [15] and in the Renormalization Group approach [16] . 
The effective action
The minisuperspace model describes with great accuracy the background geometry which emerged in the CDT model. This encourages us to check whether it also properly describes quantum fluctuations around the classical trajectory. The model of Causal Dynamical Triangulations is a genuinely nonperturbative approach to quantum gravity. It takes into account both the entropy factor and the bare action (3). However, we can consider the semiclassical limit of the lattice approach and extract the effective action that controls the three-volume n i . In analogy to the path integral formulation of quantum mechanics, n i describes the position at discrete time i of a nonphysical particle trajectory, giving a contribution to the partition function. Let us denote the deviation of n i from the expectation value n i by
In the semiclassical approximation, we expand the effective action up to quadratic terms in η i
The sum is performed over time slices i, j = 1 . . . T . The Sturm-Liouville operator P carries information about quantum fluctuations and may be extracted from numerical data.
Similarly to n i , we measure the covariance matrix C of volume fluctuations using Monte Carlo techniques (7)
If the quadratic approximation is accurate, the propagator C and the matrix P are directly related, C = P −1 . For numerical convenience the measurements were performed only for triangulations with a fixed total volume N . Such constraint introduces a zero eigenvalue to the spectrum of C. Because a straightforward inversion is not possible, we first project C on the subspace orthogonal to the corresponding eigenvector. Details of this procedure are described in [12] . We measure in Monte Carlo simulations the covariance matrix C, and subsequently extract P which can then be compared with the predictions of the minisuperspace model.
It was shown that the empirical effective action indeed corresponds to a discretization of the minisuperspace action (12) up to an overall sign [17] . A discretized, dimensionless version of the action (12) is given by
The constants G, Λ and β present in (12) are incorporated into gs. We used the standard discretization of the time derivative,v → n i+1 − n i . Inside the blob region, the discrete volume n i may be treated as a continuous variable. Because the stalk region is governed by very strong lattice artifacts, the semiclassical approximation is not reliable there. The Sturm-Liouville operator defined in (20) can be calculated from
For action (22) , it is given by
(23) The kinetic part k i is proportional to the average volume n i and the potential part u i behaves like n i −5/3 . As expected, up to a numerical noise, the measured matrix P has a tridiagonal structure and the coefficients {k i } and {u i } can be extracted from empirical data. The nonzero subdiagonal elements of P come from the kinetic part, which couples volumes of successive slices. Additionally, the potential part contributes to the diagonal. Indeed, the measured values agree with the expectations for the minisuperspace model (23). Figure 8 presents the measured values of g 1 k i and n i for various total volumes N . The theoretical fit (23) agrees very well with the measured quantities. Additionally, the effective coupling constant g 1 does not depend on N in the margin of error. For K 0 = 2.2, ∆ = 0.6, we measured g 1 = 0.038 ± 0.002. The kinetic part of the quantum fluctuations is described by the minisuperspace action (12) . The same is true for the potential term {u i }. Figure 9 shows the measured values of coefficients u i extracted from the empirical matrix P as a function of n i . Because the kinetic term is dominating in the continuum limit N → ∞, in this case the statistical errors are larger. The physically interesting region of large volumes corresponds to relatively small values of u i as they are expected to fall as n i −5/3 . Nonetheless, due to sufficiently long Monte Carlo sample, the results confirm that the formula (23) is in agreement with measurements. The selected range of n i corresponds to the bulk. The best fit of the form f (x) = a x −c to the empirical values u i as a function of n i gives c = −1.658 ± 0.096 which is very close to the theoretical value c = −5/3. The fit f (x) = a x −5/3 , corresponding to the potential part of action (22) is presented in Fig. 9 with a thin line. Both the kinetic part as well as the potential part of the measured SturmLiouville operator P agree with the expectations for the minisuperspace action. Recently, the effective action was determined using a new, more direct, method based on the transfer matrices [22] . Those results are consistent with the one presented in this article.
Conclusions
The model of Causal Dynamical Triangulations is a nonperturbative and background independent approach to quantum gravity. The foundation of this model is the formalism of path-integrals applied to quantize a theory of gravitation. This method is a natural generalization of discretization procedure, introduced in the definition of quantum mechanical Feynman's path integral, to higher dimensions. The introduction of Wick rotation allows us to use very powerful Monte Carlo techniques and calculate quantum expectation values of observables.
Among the three phases, the de Sitter phase seems to be physically relevant. In this phase, the time translational symmetry is spontaneously broken and the scale factor as a function of time is given by a bell-shaped distribution. Recent results show that a universe emerges dynamically in Causal Dynamical Triangulations. Its geometry is genuinely four-dimensional and corresponds to de Siter space, the maximally symmetric solution to the classical Einstein equations in the presence of a positive cosmological constant. At large scales, both the Hausdorff and spectral dimensions are equal 4.
CDT presents a picture of the universe with superimposed finite quantum fluctuations around the classical trajectory. The measurements of the covariance matrix in the semiclassical regime allowed us to reconstruct the discrete effective action describing quantum fluctuations of the three-volume n i . The effective action can be identified with the minisuperspace action, although the CDT model does not reduce any degrees of freedom.
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